T he algebra gen erated b y th e four m atrices ft^ occurring in th e relativ istic w ave eq u a tio n o f a p article of m axim u m spin n on th e basis o f th e co m m u ta tio n rules for th ese m atrices ob tain ed previously b y one of th e a u th o rs h as been in v estig ated . A ux iliary q u a n titie s ?/^ satisfying th e eq uatio n s (5) are in tro d u ced . These rj are given as polynom ials in W ith th e help of these, fu rth e r a u x iliary q u a n titie s = 97^/?^ are defined. I t is show n th a t for h a lf odd in teg ral spin, th e g's a n d rj's form tw o m u tu a lly com m uting sets of sym bols of w hich th e vf s satisfy th e sam e c o m m u tatio n rules as th e D irac m atrices. T his proves th a t th e algebra in th e case o f h a lf odd in teg ral spin is th e d irect p ro d u c t o f th e D irac alg eb ra an d an associated g-algebra. F o r th e special case of m ax im u m spin f th e ^-algebra h as been stu d ied in detail, a n d it is show n th a t th is alg eb ra has ju s t th re e rep resen tatio n s of orders 1, 4, 5 such th a t l 2 -f4 2 -f 5 2 = 42 = ra n k of th e algebra. E x p lic it re p resen tatio n s are given in th e n o n -triv ial cases of orders 4 an d 5. T he 4-row rep re se n ta tio n o f th e g's gives a re p re sen tatio n of th e /?'s of o rd er 16 w hich is likely to be o f im p o rtan ce in connexion w ith B h a b h a 's new th eo ry of th e pro to n .
The special cases of spins f and 2 were considered in I and the restricted forms of (3), on the further assumption that the eigen-values of ■ for a particle of spin n are n, n -1, 7i -2, ..., -7i+ l, -n ,were also given there for these cas The imposition of condition (2), while it solves the problem of deriving commuta tion rules, has also very far-reaching consequences in that it makes the wave equation (1) itself of fundamental importance in obtaining properties of elementary particles. Equations of the form (1) for which condition (2) is satisfied can be con sidered as natural generalizations, to general spin values, of the corresponding equations for the well-known cases of the electron and the meson. Bhabha has recently considered § (1945 a, 6, c) the implications of the assumption (2), and set t The n o tatio n adopted in this pap er is th e sam e as th a t of K em m er (1939) w ith X denoting th e rest m ass instead of his k .
§ W e wish to th a n k Professor B h ab h a for allowing us to see a m anuscript of his paper (19456) before publication.
Algeora related to elementary particles of spin | [ 385 ] up a general theory of relativistic wave equations of the type (1) wherein he has shown th a t the problem of finding all irreducible equations of the form (1) can be connected with th a t of finding all irreducible representations of the Lorentz group in five dimensions. He has further shown th a t on this theory, a particle of spin n must appear with n different values of the rest m assj if n is an integer, and + (|) values if n is half an odd integer, the higher values being simple rational multiples of the lowest value.
On the basis of his theory Bhabha has considered (1945 c, p. 261) in particular, the two possible equations of the form (1) for a particle of maximum spin f, and indicated th a t the equation given by one of the representations of the Lorentz group in five dimensions denoted by R5( f , |) may p of the proton. The degree of this representation, viz. 16, and an explicit expression for the same have also been derived by him.
We have independently investigated the algebra generated by the symbols jS^ and 1 (unit element) governed by the commutation rules for the /?/(, and shown th at, in the case of half odd integral spin, this algebra is the direct product of the Dirac algebra, and another associated algebra which we call a ^-algebra. In particular, for the case of spin § the corresponding ^-algebra is of rank 42, and the Dirac algebra being of rank 16, the original algebra is of rank 16 x 42 = 672. The circumstance of this algebra being a direct product simplifies the work to a great extent, and makes it unnecessary to enumerate the 672 linearly independent elements generated by the and 1. I t is shown th a t the ^-algebra has three irreducible representations of orders 1, 4, 5 respectively, (42 = l 2 + 42+ 5 2), so th a t for the original algebra of spin f there are also three irreducible representations of orders (4 x 1), (4 x 4), (4 x 5), i.e. 4, 16, 20. Of these the first refers to the well-known representation of the a-matrices of Dirac.
The commutation rules for spin § are likely to prove useful in investigations relating to the above theory of Bhabha for the proton, and the associated ^-algebra which is easier to handle than the original /?-algebra might be used in calculations. We have obtained representation matrices for the ^-algebra both of orders 4 and 5, such th a t the matrices are real and symmetric and thus Hermitian. A table of spurs of the elements of the basis of the ^-algebra in both the representations is also appended.
The auxiliary quantities 7}^, ^-algebra for half odd

IN T EG R A L S P IN AS A D IR E C T PROD UCT
The commutation rules satisfied by the fi are given by (3), and the further assump tion th a t the eigen-values of the spin operator for a particle of spin n are -1, ..., -n + 1, -n , or th a t ss atisfies the characteristic eq 386 B. S. Madhavarao, V. R. Thiruvenkatachar, K. Venkatachaliengar 
the last factor being ft or (fi* -1/4) according as n is an integer or half an odd integer. This is an immediate consequence of the relations ( f i p fiv) -tfw", ( f i p tfiv) -(tfun fiv) = fin Algebra related to elementary 'particles of spin § 387 which follow from (2) and (3) (Bhabha 1945a; Madhavarao 19426, 1945) . We now proceed to investigate the algebra generated by the symbols fi^ satisfying the commutation rules (3) and (4). We first of all establish the existence of a symbol tj' satisfying the relations
Before proceeding to prove this, we might remark th at the introduction of ijfl is suggested by considering the possibility of passing from the wave equation (1) As indicated by (4), the minimal equation for fi is a polynomial of degree 1, and we take -f(fifi) as a polynomial of degree 2 in fip an assumption compatible with the relations (5). These relations further enable us to determine the coefficients of this polynomial.
Taking fip diagonal in an irreducible representation, the commutation rule (3) in the form (fip (fip fiv)) ~ fiv leads to the result th at the matrix for fiv has all its elements equal to zero except those in the diagonals above and below the principal diagonal. W ith this form for fiv, the relation V / i f i v^'fivV/i = 0 shows, since the representation is irreducible,
Also rfin = 1 gives, since fi^ is taken diagonal and ^ = /(/?"),
+ T h at this is so has been proved b y B h ab h a on general considerations (1945 c, p. 245).
Thus f( n )satisfies the conditions
Since f( x )is of degree 2 n in x, it is uniquel can be written down at once, by using Lagrange's interpolation formula, in the form
For the case of half odd integral spin this gives
Equations (6a) and (66) The 7]± introduced here is the same as the metric operator D of Bhabha (1945 c (14) ) given by D = ei7TC t° as the representative in five dimensions of the transformation of the Lorentz group reversing the axes 1 ,2 ,3 and interpreted as a rotation in the 04 plane through the angle tt. Here similarly we can interpret as the rotation in the /1 0 plane through an angle tt.
We next introduce a second auxiliary symbol £ defined by
Using tj2 = 1, this leads immediately to
Finally from Vnfiv+fir7!? -0 (/£#= v) and (7) We tabulate below the several algebraic relations between the and £;,:
Vfiv+ivVp o for integral spin,
The proof th at in the case of half odd integral spin the algebra is a direct product is now immediate. Consider any expression which is a product of the powers of the s e v e ra lS u b s titu tin g /?^ = VpipipVp Vpip' î nto the product of two parts, one expressed in terms of the £'s alone, and the other in terms of the r fs alone. Further, the same substitution reduces the comm rules (3) and (4) into rules involving the £'s only, the s falling out by using the relations rp^ = 1 and VpVv + VvVp = 0* These last relations rjfs with their powers and products and the unit element 1 form a sub-algebra identical with the Dirac algebra, say D v and anoth might be called a ^-algebra and denoted by Ag. Thus
3. The ^-algebra for the case of spin § For the particular case of spin f, the characteristic equation (4) reduces to
and this and (3) constitute the set of commutation rules for the These can be written in such a way th a t they contain terms consisting of products of four /?'s, on the one hand, and connect these with terms containing products of two and zero /?'s on the other. Such types of rules can be derived from (13) by taking Poisson brackets with the £ successively, and using (2) and (3). There are five such types of rules depending on the number of equal and unequal indices appearing in them. All the types including (13) can be derived from a general commutation rule: (I (26) The individual types of rules are given in I, bu t for our present purposes, we write only two of them, corresponding to p = (= 4 ( # A + A # ) = 7 (15) and fip fiv P p P e + P p P e P p P v + P v P p P e P p + P e P p P v P p = °* The commutation rule (15) which is a very im portant equation since it materially simplifies the g-algebra.
We can now derive the commutation rules for the £ by substituting fip = Z/iV/i-in the commutation rules for the fi and removing the by using the relations 7/* = 1, VpVv + VvVp = 0 and the types of rules derivable from (14), but it is however remarkable th a t by using (18) and the general rule (3) expressed in terms of the £'s, all these types of com m utation rules are identically satisfied with the single exception of (16). The com m utation rules for the £^ therefore consist of (18) and (3) and (16) I t is now easy to enumerate the number of independent elements of the algebra A?. In virtue of (21a) there are only twelve elements of the type £/a>.F ro m (21c) we see th at there are eight relations among the twenty-four products for which and hence there are only sixteen elements of this type. Also the elements £w for which two or more indices are equal would be enumerated under £A or according to (21 a, b) . Similar remarks apply to £ ^ when two or more indices are equal. We have therefore to enumerate such terms when all the indices are different. The number of relations among the twenty-four products £ can be enumerated by writing (21 d)using (21 c) in the form
with similar relations having £", £ , £e in place of the £ , and giving in all four sets of five relations of the type (22). I t is, however, easily verified th at of these four sets, any one can be obtained from the remaining three by mere addition, so th at there are only fifteen relations among the £pvpe and hence only nine independent elements of th at type. The complete list of independent elements of in consonance with (21) Hence it follows from (12) th at the number of independent elements of the original algebra A is 16 x 42 = 672, the Dirac algebra being of rank 16. Let us find the elements of Ag which commute with all the others. We write 
25-2
Any further expressions which might-be shown to commute with all the forty-two elements can be proved to be linear combinations of 1, M , N . We also note th a t the elements a, ft, y, 
from which follow the relations
The primitive idempotent elements of the centre of the ^-algebra ex, e2, e3 satisfying el + e2 + e3 ^ k == ®2^3 == ®1^3 ~ 6, are given by 30c! = 2 +15, 48e2 = +15, --80e3 = 15.,
As the algebra A ĥas the unit element 1 = ex + e2 + e3, where ek = 8ik ek ( , 1,2,3), it follows (see van der W aarden 1931, II, p. 161, ex. 4) th a t Ag is the direct sum of the left ideals Agev A^e2 and A^e3, and hence from the principal theorem relating to semi-simple rings (ibid. p. 156) we conclude th a t is semi-simple. Therefore the number of irreducible representations is equal to the rank of the centrum which is three in our case. If nx, n 2, n3 be the degrees of these representations we have n\ + n2 + nl = 42, the algebra A g being of rank 42. The equation (29) has the unique solution in integers given by n x = 4, n2 = 5, n3 = 1, and inequivalent irreducible representations D x, D4, Z>5 of degrees 1, 4 and 5 respectively.
The left ideals Agex, Age2 and Age3 are of ranks 16, 25 and 1 respectively as could be easily verified. Thus the representations of order 1, 4, 5 are generated respectively by the idempotent elements e3, el5 e2-We now proceed to give the explicit representations of degrees four and five of Ag. The one-dimensional representation in which every £ is represented byleads just to the Dirac matrices for the representation of and need not be specially considered here.
Fourth order. The eigen-values of are given by (21a) as -| and f , and taking £4 diagonal, we will show th at consistent with the commutation rules (21) the form of £4 is uniquely determined by taking the eigen-value -\ repeated thrice and § appearing only once.
Taking £4 and, using the above matrix forms for £4 and £x, we get the conditions
in deriving which use has also been made of £| = £x 4-f . From (296) we obtain th at CnmB mn must be of rank n; hence m^n , i.e. in a Z>4, -| must appear at least twice as an eigen-value of £4. We prove th at it must occur thrice, for if it occurs twice, m = n = 2, and we have from ( 
the latter being a consequence of (£4, [£4, £*]) = 0. We make a particular choice of the p, q, r, and derive the representation:
where In the above representation £4 is taken as diagonal. We can also derive a non diagonal representation of our £'s by making use of the following considerations. In virtue of (2) the ft^ along with the form ten infinitesimal transformations (see Bhabha 19456, §2, and 1945 c, p. 244) By taking the direct product with the Dirac matrices we can obtain from (33) and (33') two equivalent types of representation matrices of order 16 for the in one of which /?4 is diagonal and not so in the other. By a permutation of rows and columns, we have been able to show th a t the matrices of the former type for fik can be brought to the form given by Bhabha (1945c, p. 251, (35) ) in the case of general spin (with a 0 diagonal). For the case of spin f in particular, Bhabha has further given (1945 c, p. 261, (75) , (76)) representation matrices for the fik expressed in terms of the u and v matrices introduced by Dirac (1936) and Fierz (1939) . Writing these . matrices in numerical form using the expressions given by Fierz (ibid. Appendix) we can derive the corresponding 16x16 matrices of the representation in which /?4 is not diagonal. I t is also possible to show th at the second type of matrices which we obtain from (33') would be equivalent, but for permutation of rows and columns, to the above matrices derived from those given by Bhabha.
Fifth order. Proceeding as in the case of the fourth order representation, and taking £4 diagonal, we deduce that, consistent with .the commutation rules, the form of £4 is uniquely determined by taking the eigen-value -^ as appearing thrice and f twice. This is also in consonance with Bhabha's result (1945 c, p. 259) that the eigen values of /?4 in the diagonal form are f , -f appearing 4, 6, 6, 4 times respec tively. Thus we write 2£4 = diag ( -l 3, 32), and find that the (k -1 ,2,3) are given by the same expressions a
\p -q a -bj \p -q with a, 6, p, < 7, subject only to the conditions 396 B. S. Madhavarao, V. R. Thiruvenkatachar, K. Venkatachaliengar a2 + b2 -a6 = p 2 + q2-pq 2 (ap + 6g) = + 6p.
We make the particular choice P = g = i a Similar remarks apply here, as regards non-diagonal representations, as for the fourth order. We next consider the spurs of the independent elements of the basis of the algebra A . Since the spurs of all the basis elements of the Dirac algebra Dv except I are zero, it follows from (12) th a t the only elements of the basis of A which have non-vanishing spurs are those which have non-vanishing spurs among the £'s. We therefore list below the spurs of the elements of the basis of the ^-algebra in the three irreducible By means of these, we can write down immediately the spurs of all combinations of the /?'s by using the algebraic relations (11) and the fact th at all elements of except I have zero spur. Thus for example, the spur calculations relating to prpducts of powers of the several ft given by Booth & Wilson (1940, pp. 498-9) can be carried out with less labour in our case with the aid of the £'s than in the case of the 10-row representation of the meson algebra. Similarly for spur calculations relating to Bhabha's new theory of the proton, it would not be necessary to use the 16x16 /^-matrices, but only the 4 x 4 ^-matrices.
We wish to thank Professor Bhabha for helpful discussions.
